Chapter 1 Relations and Functions

EXERCISE 1.1

Question 1:
Determine whether each of the following relations are reflexive, symmetric and transitive.

(i) Relation R in the set 4= {1.2,3,....13,14} defined as

R={(x,y):3x-y =0}
(i1)) Relation R in the set of N natural numbers defined as
R={(x,y):y=x+5 andx<4}

(iii) Relation R in the set 4= {1.2,3,4,5.6} defined as
R={(x,):y is divisible by x}
(iv) Relation R in the set of Z integers defined as
R= {(x,y) :x—yisan integer}
(v) Relation R in the set of human beings in a town at a particular time given by

(a) R= {(x,y) : x and y work at the same place}

(b) R= {(x,y) :x and y live in the same locality}
) R= {(x,¥):x is exactly 7cm taller than y|
(d) Rz{[x,y):x 1s wife ofy}

(e) Rz{(x,y):x is fathcrofy}

) R={(13).(2.6).(3.9).(4.12)}

R is not reflexive because (1:1)(2:2)... and (14,14)e R

R is not symmetric because (1,3)eR, but (3,1)¢ R.[since 3(3)# 0] :

R is not transitive because (1:3)-(3.9) € R, but (1.9) ¢ R[3(1)-9#0]
Hence, R is neither reflexive nor symmetric nor transitive.

i) R=1(16).(2.7).(3.8)}
R is not reflexive because (1.1) €R
R is not symmetric because (L,6)e R but (6,1) R
R is not transitive because there isn’t any ordered pair in R such that
(x,y).(y,z)eR,s0 (x,z) R
Hence, R is neither reflexive nor symmetric nor transitive.

(i) R= {(x,»):y is divisible by x}
We know that any number other than 0 is divisible by itself.
Thus, (x.x) € R
So, R is reflexive.
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(2,4) e R [because 4 is divisible by 2]

But (4.2) € R [since 2 is not divisible by 4]

So, R is not symmetric.

Let (x,») and (¥.2) € R, So, y is divisible by x and z is divisible by y.
So, z is divisible by x = (x,z) € R

So, R is transitive.

So, R is reflexive and transitive but not symmetric.

(iv) R= {(x,y) :x—yisan integcr}
For x € Z, (x,x) ¢ Rbecause x—x =0 is an integer.
So, R is reflexive.
For, x,y € Z /if x,y € R then X— is an integer = (¥ —X) is an integer.
So, (»,x) € R
So, R is symmetric.
Let (x,») and (».2) € R where X, 3,2 € Z,
= (x—») and (¥ —2) are integers.
= x—-z=(x-y)+(¥—2)is an integer.
So, R is transitive.
So, R is reflexive, symmetric and transitive.

(v)
a) R= {(x,y) : x and y work at the same place }

R is reflexive because (x,x ) €R

R is symmetric because ,

If (x.)eR ,then xand ¥ work at the same place and ¥ and x also work at the

same place. (y.x)eR
R is transitive because,
Let (%7):(3.2) € R

x and Y work at the same place and ¥ and z work at the same place.
Then, x and z also works at the same place. (x.z)eR
Hence, R is reflexive, symmetric and transitive.

b) R= {{x,y) : x and p live in the same locality|
R is reflexive because (%:¥) € R

R is symmetric because,

If (x»)eR ,then xand Y live in the same locality and ¥ and x also live in the

same locality (r.x)eR
R is transitive because,
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Let (%:):(».2) € R
x and Y live in the same locality and V and z live in the same locality.

Thenxand z also live in the same locality. (x.z)eR

Hence, R is reflexive, symmetric and transitive.

c) R= {{x,y) : x is exactly 7cm taller than y}
R is not reflexive because (*-X) € R _
R is not symmetric because,

if (x.y)eR ,then xis exactly 7emtallerthan ¥ and VY is clearly not taller than x

(rx)eR
R is not transitive because,

Let (%:7)s(»2)eR

x 1s exactly 7cmtaller thany and V is exactly 7cm taller than 2.

Then x is exactly l4cmtaller thanz . (x,z)eR
Hence, R is neither reflexive nor symmetric nor transitive.

d) R= {[x,y) : x 1s wife of'y}
R is not reflexive because (¥:¥) & R .
R is not symmetric because,
Let (x,y)eR , x1s the wife of ¥ and Y is not the wife of x. (y.x)eR .
R is not transitive because,
Let (%:7):(2)€R
x is wife of ¥ andV is wife of z, which is not possible.
(r.2)eR.
Hence, R is neither reflexive nor symmetric nor transitive.

e) R= {(x,y) : x is father of y}
R is not reflexive because (*-¥) & R .
R is not symmetric because,
Let (x,y) €R , x1s the father of ¥ and ¥ is not the father of x. (y,x) R
R is not transitive because,
Let (%.7):(»2) e R

x is father of ¥ and is father of z,xis not father of z (xz)eR
Hence, R is neither reflexive nor symmetric nor transitive.
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Question 2:

— x 2 . .
Show that the relation R in the set R of real numbers, defined as R= {(a,b) rasbh } 1s neither
reflexive nor symmetric nor transitive.

R-—-{(a,b):agbz}

2
e bl
22 because 2 \2

R is not reflexive.

(L4)eRas1<4 Byt 4 isnot less than 1.
(4.1)e R

R is not symmetric.

(3.2)(2.1.5) e R [Because 3 <2*=4 and 2 < (1.5)*=2.25]
3>(1.5)" =225
~(3.1.5)2 R

R is not transitive.
R is neither reflective nor symmetric nor transitive.

Question 3:

Check whether the relation R defined in the set 11:2:3:45.6f 4 Rz{(a’b):bz “H} is
reflexive, symmetric or transitive.

={1,2,3,4,5,6)
{(a,b):b =a +l}

{(1,2),(2.3),(3,4),(4.5),(5:6)}

A
R
R

(a,a)¢ R,ae A

(L1),(2,2).(3.3).(4.4).(5.5) ¢ R
R is not reflexive.

(L2)eR, but (2,1)¢ R
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R is not symmetric.

(1,2),(2,3)eR

(1,3) e R
R is not transitive.

R is neither reflective nor symmetric nor transitive.

Question 4:

Show that the relation R in R defined as ® = {(”=b )ia<h } is reflexive and transitive, but not

symmetric.

o= {(a,b) 2 Sb}
(a,a) eR
R is reflexive.

(2,4)eR (as 2<4)

(4,2) ¢ R (as 4>2)
R is not symmetric.

(a,b),(b,c)e R
a<bandb<c
= aZ<c
= (a,c) e R
R is transitive.

R is reflexive and transitive but not symmetric.

Question 5:

s 3
Check whether the relation R in R defined as R =1(@:b):a <} reflexive, symmetric or

transitive.
R= {(a,b) o b3}

[1 1] o (IT
—,— | &R, since —>| —
272 2 2

R is not reflexive.
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(L2) e R(as1< 2 =8)

(2.1) 2 R(as 2° >1=8)
R is not symmetric.

3 3
[3,31,[29J e R, since 3 < (E] and 2 < [§]
2 25 2 3 2
[3EJ ¢ R3> [éj
5 5

R is not transitive.

R is neither reflexive nor symmetric nor transitive.

Question 6:

Show that the relation R in the set {1:2:3} given by R= {(1 2),(2, 1)} 1s symmetric but neither
reflexive nor transitive.

A={1,2,3}

R=1{(1.2).(2.1)

(1L1),(2,2),(3,3) R
R is not reflexive.

(1,2) e Rand (2,[) eR
R is symmetric.

(1,2)e Rand (2,1)eR

(l,]) R
R is not transitive.

R is symmetric, but not reflexive or transitive.

Question 7:
Show that the relation R in the set A of all books in a library of a college, given by

R= {(x »):x and y have same number of pages} is an equivalence relation.

Ri= {(x,y) :x and y have same number ofpages}

R is reflexive since (¥:¥) € R as xand x have same number of pages.
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R is reflexive.

(x,y) eR

xand ¥ have same number of pages and ¥ and x have same number of pages (y.x)eR
R is symmetric.

(x, y) e R,(y,z) eR
x and Y have same number of pages, and Z have same number of pages.
Thenxand z have same number of pages.

(x,z)eR
R is transitive.

R is an equivalence relation.

Question 8:

Show that the relation R in the set 4=1123,4.5] given by K= {(a.b):[a—Bliseven} j¢ o
equivalence relation. Show that all the elements of {1.3.5} are related to each other and all the

elements of 12:4} are related to each other. But no element of {1:3:5} is related to any element
of {2:4}

ae A

|a —a| = 0(which is even)
R is reflective.

(a,b) eR
= |a —b| [is even]
= ‘—(a = b)| =|b—al [is even]
(b,a] eR
R is symmetric.
(a,b) € Rand (b,c)eR
=|a—b|is even and [P~ ¢lis even

= (a=b) is even and (2~ ¢)is even

= (a-c)=(a+b)+(b—c)is even
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= la—b| is even
=(a,c)eR
R is transitive.

R is an equivalence relation.

All elements of {1:3:5} are related to each other because they are all odd. So, the modulus of
the difference between any two elements is even.

Similarly, all elements {2.4} are related to each other because they are all even.

No element of {1:3:3} is related to any elements of {2,4} a5 all elements of 11:3:5} are odd and

all elements of {2=4_} are even. So, the modulus of the difference between the two elements
will not be even.

Question 9:
Show that each of the relation R in the set 4 ={x€Z:0<x <12} , given by
i R= {(a,b) :|a—b| is a mutiple of 4}
ii. R={(ab):a=b}
Is an equivalence relation. Find the set of all elements related to 1 in each case.

A={xeZ:0<x<12}={0,1,2,3,4,5,6,7,8,9,10,11,12}
R={(a,b):|a—b| is a mutiple of 4}

aeA(a,a)eR Da—al =0 is a multiple 0f4]
R 1s reflexive.

1.

(a,b) € R=>|a~b]| [is a multiple of 4]
= |-(a—b)|=|b—a] [is a multiple of 4]
(b,a)eR
R is symmetric.
(a,b) e Rand (b,c)eR
=la-blis 5 multiple of 4 and b=cf is a multiple of 4
= (a—b)isa multiple of 4 and (b=c)isa multiple of 4
=(a-c)=(a=b)+(b-c) jsa multiple of 4

=la—c| j5 4 multiple of 4
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11.

= (a,c)eR
R is transitive.
R is an equivalence relation.

The set of elements related to 1 1s {1’5=9} as

1-1]=0
I5-1]=4
9-1=8

is a multiple of 4.
is a multiple of 4.

is a multiple of 4.

R= {(a,b):a =b}
aeA(a,a)eR [since a=a]
R 1s reflective.

(a,b)eR
=a=b
=b=a
= (b,a) eR
R is symmetric.

(a,b) € Rand (b,c)eR
=a=bandb=c
=d=c
= (a,c) e R

R is transitive.

R is an equivalence relation.

The set of elements related to 1 1s {1} .

Question 10:
Give an example of a relation, which is

1.
1i.
11i.
1v.
V.
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Il

A4=1{5,6,7)

R={(56).(6.5)}

(5,5).(6,6),(7.7)& R

R is not reflexive as (55):(6:6).(7,7) &R
(5.6).(6:5) € Rapq (6.5) €R | Ris symmetric.
= (5,6),(6,5) € R, but (5,5)¢R

R is not transitive.
Relation R is symmetric but not reflexive or transitive.

R= {(a,b) Ta <b}
ae R,(a,a) R [since a cannot be less than itself]
R is not reflexive.

(1,2) = R(as 1 <2)

But 2 is not less than 1

~(2,))eR

R is not symmetric.
(a,b),(b,c)eR
=a<bandb<c

11

= a<c
— (a, c) eR
R is transitive.
Relation R is transitive but not reflexive and symmetric.

A={4,68)
4=1(4.4).(6.6).(8.8),(4.6).(6.8).(8.6)}
R is reflexive since 4 € 4.(a.a) € R

R is symmetric since(a,b) € R
=(b,a)eR fora,beR

R is not transitive since(4, 6),(6,8) € R,bur(4,8) R
R is reflexive and symmetric but not transitive.

1il.

R= {(a,b) T b“}
(a,a) eR

R is reflexive.
(2.1)eR
But(1,2) & R

1v.
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- R is not symmetric.

(a,b),(b.c)eR

=a 2band b’ <’

=a<c

= (a,c)eR

R 1s transitive.

R is reflexive and transitive but not symmetric

V.
A= {1,3,5} Define a Relation R

On A.
R:A-A
R={(13)B1 11 B3)}
Relation R is not Reflexive as (5,5) ¢ R
Relation R is Symmetric as
(1,3) eR=> (3,1) €R
Relation R is Transitive
(a,b) eR,(b,c) ER = (a,c) ER
(331)eR,(1,1)ER = (3,1) ER
Alternative Answer
R = (a,b) : aisbrother of b {suppose a and b are male}
Ref— a is not brother of a
So,(a,a) ¢ R
Relation R is not Reflexive
Symmetric— a is brother of b so
b is brother of a
a,b € R=> (b,a) ER
Transitive— a is brother of b and
b is brother of ¢ so
a is brother of ¢

(a,b) eR,(b,c) ER = (a,c) ER
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Question 11:
Show that the relation R in the set A of points in a plane given by

e { ( P, Q) : Distance of the point P from the origin is same as the distance of the point Q from the origin}

, is an equivalence relation. Further, show that the set of all points related to a point ©* # (0,0) s
the circle passing through P with origin as centre.

R= {(P,Q) : Distance of the point P from the origin is same as the distance of the point Q from the origin}

Clearly,(P=P) €R
R is reflexive.

(P,O)eR

Clearly R is symmetric.
(P.0).(0,5)eR

= The distance of £ and O from the origin is the same and also, the distance of Qand S from
the origin is the same.

= The distance of P and S from the origin is the same.
(P,S)eR
R is transitive.

R is an equivalence relation.

The set of points related to £ # (0.0) will be those points whose distance from origin is same
as distance of P from the origin.

Set of points forms a circle with the centre as origin and this circle passes through .

Question 12:

Show that the relation R in the set A of all triangles as &= {(7,.T,): T, is similar to T, | , is an
equivalence relation. Consider three right angle triangles Ti with sides 3.4,5, > with sides

512,13 and T; with sides 68,10, Which triangle among 7i-T>>7; are related?

R= {(TI,TZ) : T, 1s similar toTz}
R is reflexive since every triangle is similar to itself.

RUBAE R then Tiis similar to .
T, is similar to 1i.
=(7,,T,)eR

R is symmetric.

(1,,7,).(T,,T;) e R
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I

2 and Tz is similar to
I

L,

is similar to

-, ]; 1s similar to
= (L,,T;) <R
. R is transitive.

E_ﬁ_i_{l)
6 8 10 \2

.- Corresponding sides of triangles Tiand T5 are in the same ratio.

1 L,

Triangle “1 is similar to triangle

Hence, T} s related to 1s.

Question 13:
Show  that the relation R in the set A of all polygons as

R= {(H ,F,): Rand F, have same number OfSideS} , is an equivalence relation. What is the set of

all elements in A related to the right angle triangle T with sides 3.4and5?
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R={(B,B): Band P, have same number of sides}

(B, ‘D’) €R 25 same polygon has same number of sides.
-~ R 1s reflexive.

(B.B)eR

= B F,

and have same number of sides.

= P, and A have same number of sides.

= (P.R)eR
- R 1s symmetric.

(B.B).(P.P)eR
= H and &2
£, and B3 have same number of sides.
= and 5
=» [P,,ﬁ)eR

-~ R is transitive.
R is an equivalence relation.

and ‘2have same number of sides.

lE

have same number of sides.

The elements in A related to right-angled triangle (T) with sides 3.4.5 are those polygons which
have three sides.
Set of all elements in a related to triangle T is the set of all triangles.

Question 14:
Let L be the set of all lines in XY plane and R be the relation in L defined as

R= {(L] L, ): Ljis parallel to L, } Show that R is an equivalence relation. Find the set of all lines
related to the line v =2x+4.

R= {(Ll L,): Ls parallel to L, }

L (L,L,)eR

R is reflexive as any line ~ is parallel to itself i.e.,

If(Lsz)ER, then
L,

L

= Lijs parallel to

= Ljs parallel to
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= (L,,L)eR

- R 1s symmetric.
(L,L,).(L,,L;)eR

L,
L,
Ly,

=1 s parallel to

= L s parallel to
. L

=>(L,L)eR
. R is transitive.

1 1s parallel to

R is an equivalence relation.

Set of all lines related to the line ¥ =2x+4 s the set of all lines that are parallel to the line

y=2x+4.
Slope of the line ¥ =2x+4 is m=2.

Line parallel to the given line is in the form ¥ =2x+c¢ where c € R.

Set of all lines related to the given line is given by ¥ =2x+c_ where c € R.

Question 15:

Let R be the relation in the set {1=2-+3'4} given by

R={(1,2)(2.2),(11),(4.4),(1,3),(3.3),(3.2)}.

Choose the correct answer.

A. R s reflexive and symmetric but not transitive.
B. R is reflexive and transitive but not symmetric.
C. R is symmetric and transitive but not reflexive.

D. R is an equivalence relation.

R={(1,2)(2.2),(11).(4.4),(13),(3.3),(3.2)}

(a,a)eR for every 4 € {1,2,3.4}

. R is reflexive.

(L2)eRbut (2,1)¢R
.- R 1s not symmetric.

(a,b),(b,c) e R forall a,b,c € {1,2,3,4}
-~ R 1s not transitive.

R is reflexive and transitive but not symmetric.

x>
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The correct answer 1s B.

Question 16:
Let R be the relation in the set N given by &= {(a,b):a =b-2,b> 6}. Choose the correct
g Yy

answer.
A. (24)eR
B. (38)R
c. (68)eR
D. (87)eR

R={(a,b):a=b-2,b> 6}
Now,

b>6,(2,4)¢ R

3#8-2

~.(3,8) ¢ R and as 8 # 7-2
S (8,7)eR

Consider (6:8)

8>6and 6=8-2
~.(6,8)eR

The correct answer is C.
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EXERCISE 1.2

Question 1:

1

Show that the function / : R = R. defined by (=)= Y is one —one and onto, where s the set

of all non —zero real numbers. Is the result true, if the domain

domain being same as R,o

. 1
fiR >R isby f(x)=—
For one-one:

X,y €R, such that /(¥)=1()

=

1
¥
=y

T

=

.. f'1s one-one.

For onto:

x:leR.[asyEO]

For y € R, there exists y
S(x)= + =y

%

-~ f 1is onto.

Given function /" 1s one-one and onto.
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Consider function & : NV = R, defined by g(x)

1 1
g(x1)=g(x3):>—=—:x] =X,
We have, X X

. & 1s one-one.

1
€ is not onto as for 12 € Rithere exist any Xin N such that a(x)= 12

Function & is one-one but not onto.

Question 2:
Check the injectivity and surjectivity of the following functions:

i. f:N — Ngiven by f(x)=x"

ii. f£:Z-Zgivenby /(¥)=%
ii. f:R—>Rgivenby f(¥)=%
iv. f:N — Ngiven by f(x)=x
v. [ :Z > Zgivenby f(x)=x

2

i. For f:N — N given by f(x)=x
x,yeN

f(x)=fr)=>x=y"=>x=y
- [ 1s injective.
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11.

1il.

1v.

2 e N.But, there does not exist any Yin N such that / (x)=x"=2
- [ is not surjective
Function f is injective but not surjective.

f:Z — Z given by f(x)=x
F(=1)=f(1)=1but ~1%1

. fis not injective.

2
~2€Z But, there does not exist any x € Z such that / (x)=-2=x=-2

. [ is not surjective.
Function /" is neither injective nor surjective.

S : R — R given by f(x)=x

f(=1)=f(1)=1but -1%1

. fis not injective.

_ 2 _
~2€Z But, there does not exist any x € Z such that ./ (x)=-2=>x"=-2

. Jis not surjective.
Function ./ is neither injective nor surjective.

3
SN — N given by Sflx)=x
x,yeN
fx)=fy)=x =y =x=y
-~ ['is injective.

2 e N.But, there does not exist any Xin N such that fx)=x"=2
- [ is not surjective
Function /" is injective but not surjective.

S/ Z — Z given by flx)=x
x,yelz

f(x)=f(y)=>x’=y =>x=y
. f'is injective.

2€Z But, there does not exist any Yin Z such that f(x)=x" =2

. fis not surjective.
Function /" is injective but not surjective.
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Question 3:
Prove that the greatest integer function ./ : R — R given by J (x ) = [x] 1s neither one-one nor

onto, where [x ] denotes the greatest integer less than or equal toX.

/R — R given by S (x)=[x]
f(12)=[12]=1,/(19)=[1.9] =1
S~ f(1.2)=£(1.9), but 1.2+1.9

= f'is not one-one.

Consider 0.7 R

J ‘(x ) = [x] is an integer. There does not exist any element x € R such that f(x ) =0.7

- [ 1s not onto.
The greatest integer function is neither one-one nor onto.

Question 4:

Show that the modulus function / : R — R given by f (x ) = M 1s neither one-one nor onto,

where [ is X, if Xis positive or 0and 2 is =X, if Yis negative.

FiR-> Ris‘f (x):‘xlt{
f(-1)= ‘~1| =land f(1)= |}1 =1
S f(-1)=f(1) but —1=1

- f1s not one-one.

Consider ~1€ R

f(x)=] 5 non-negative. There exist any element x in domain R such that / () =[x =-1

- f is not onto.
The modulus function is neither one-one nor onto.
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Question 5:

1, ifx>0
j'(x]z 0,ifx=0
Show that the signum function /" : R — R given by -1, 1£x <0J ig neither one-one nor
onto.
Lifx>0
f(x)=40,ifx=0
f:R—>Ris -1,1fx <0

S(1)=7(2)=1, but 12

. f1s not one-one.

/ '(x )takes only 3 Values(l’(}’ -1) for the element —2in co-domain
R, there does not exist any Yin domain R such that f (x ) =2

. f1s not onto.

The signum function is neither one-one nor onto.

Question 6:

Let 4= {1=2’3}’ B= {4’5’6=7}and let /= {(1=4)=(2=5)=(3*6)}be a function from A to B. Show
that f is one-one.

A={1,2,3} B={4,5,6,7}

f:A— Bis defined as / = {(1=4)=(2=5)=(3»6)}
LI () =47 (2)=5.1(3)=6

It is seen that the images of distinct elements of 4 under ./ are distinct.
- f'1is one-one.

Question 7:
In each of the following cases, state whether the function is one-one, onto or bijective.
Justify your answer.

i, f:R—> Rdefined by /(x)=3-4x
ii. f:R— Rdefinedby /(¥)=1+x
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i, f:R—> Rdefined by J/(¥)=3-4x
X% € Rgych that /(%) =/ (%)

= 3-4x, =3-4x,
= —-4x =—4x,
=1 A

-~ f'1s one-one.

3=y f 3—_)—;]:3—4[3—;2):}2

For any real number (¥)in R , there exists 4 in R such that ( 4
- f'is onto.
Hence, ./ is bijective.

ii.  f:R— Rdefined by J(¥)=1+x
X, %, € Rguch that /(%) =/(x.)
=>1+x’ =1+x’
ot =

= X, = tx,

< (%)= 1(%) does not imply that %1 =%

Consider f[l) = f(_l) =2
. f'1s not one-one.

Consider an element —2in co domain K .

It is seen that / (¥) =1+ %j positive for all xeR.

. f1s not onto.
Hence, ./ is neither one-one nor onto.

Question 8:
Let 4 and B be sets. Show that /": 4x B — Bx Asuch that (a.)=(b.a) 54 bijective function.

f:AxB > Bx Ais defined as (¢:0)=(b,a)
(“nbl)=(a2=bz) € AXB gch that f(a.b, ) = f(az’bz)
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= (h.a,)=(b,,a,)

= b =b, and q, = a,

:'(aubl):(az’bz)

. /'1s one-one.

(b,a)eBxA there exist (a’b)EAXBsuch that f(a,b):(b,a)

. [ is onto.
/is bijective.

Question 9:

ol enivedd

f(n)=

/(R
5,1fﬁ: is even

Let /:N — Nbe defined as for all ne N. State whether the

function " is bijective. Justify your answer.

n+1

f(m=1 7

—,if n is even

, if m is odd

S i N — Nbe defined as 2 forall ne N.

_ 41

(1) T landf(2) =%=1

£(1)=£(2), where 1 #2
. f'is not one-one.

Consider a natural number in co domain N .

Case [: is odd
..n=2r+1for some r € N there exists 4r +1 e N such that

4;?+l+1:2r+l

f(4r+1)=

Case II: is even
..n=2rfor some r € N there exists 4r € N such that
f(4r) = 4?? =2r

- fis onto.

/" is not a bijective function.
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Question 10:
x—2

xX)=
Let A:R_{3}’B:R_{1} and f: 4 —> Bdefined by ) (X—J. Is / one-one and onto?
Justify your answer.

5 x=2
A=R-{3},B=R-{l} 4nq f: 4 B defined by f(x)_(x—Bj

x,y € Asuch that /(x)=7(»)
X—2  y—2

x-3 y=3
= (x=2)(y=3)=(r-2)(x-3)
= xy—3x—2y+6=xy-3y—2x+6
= -3x-2y=-3y-2x
=3x—-2x=3y-2y
Sx=Y
~. f is one-one.

Let yEB:R_{I},then y#1

The function / is onto if there exists x € 4 such that / (x)=» .
Now,
f(x)=y
x—2
x-3
—=5.¥-2=xp—3y

>

=y

=x(1-y)=-3y+2

21__:;})614 [y;él]

= X=

2-3y - o
Thus, for any ¥ € B there exists 1—y such that

[@J_z

2-3y -y 2-3y-24+2y -y

f[ -y J[w)g} T 2-3y-3+3y -1
I=—y

= f is onto.

Hence, the function is one-one and onto.

Y
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Question 11:
Let /: R — R defined as / (x)=x" Choose the correct answer.

A. fis one-one onto

B. /is many-one onto

C. [fis one-one but not onto

D. fis neither one-one nor onto

f:R—> R defined as / (¥)=x"

x,y € Rsuch that /() =7 (»

=g =y

—SX=xy

2 S (%)= 1 (¥) does not imply that x = .
For example f()=rs(-1)=1

. f'is not one-one.

Consider an element 2 in co domainR there does not exist any xin domain Rsuch that
S(x)=2,
=/ is not onto.

Function f is neither one-one nor onto.
The correct answer 1s D.

Question 12:
Let f : R —> R defined as / (¥) =3% Choose the correct answer.

A. fis one-one onto

B. /is many-one onto

C. fis one-one but not onto

D. fis neither one-one nor onto

f:R— Rdefined as / (x)=3x

x,y € Rsuch that /(x)=/(»)
= 3x=3y

=x=
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. f'is one-one.

y z) = (zj =
. } . : = =¥
For any real number ¥ in co domain R, there exist 3 in R such that [ 3 3
= /' is onto.

Hence, function f is one-one and onto.
The correct answer is A.
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EXERCISE 1.3

Question 1:

Let Ji{L34—>{L25}anq &:{1.2.5} > {L3}pe given by J = {(1 2),(3.5).(4, 1)} and
g =1{(1.3):(23).(5.1)} . Write down gof .

The functions J {134}_’{1»2=5} and g:{l,Z,S}—){l,3} are f={(1=2)7(375)=(4=1)} and

g ={(13).(23).(5.1)
gof( gl f()]=g(2)=3 [as f(1)=2and g(2)=3]
gof (3)=g[ f(3)]=2(5)=1 [as £(3)=5and g (35)=1]
30f( g[f(4] g(1)=3 [asf(4)=landg 1) 23}
- gof ={(1,3),(3.1),(4.3)}
Question 2:

Let f,&,hbe functions from R to R.Show that
(f+g)oh= foh+goh
(/.g)oh=(foh).(goh)

(f+g)0!1 foh + goh

LHS =[(f +g)oh](x)
:( [ ] j[h ]+g[h(x)]
=(foh)(x) +goh(x)
:{ foh goh} ) RHS

.'.{(f+g)ah}( ) {(foh) (goh)}(x) forallxe R
Hence, (/ +g)oh= foh+ goh

(f.g)oh =(foh).(goh)
LHS =[(f.g)oh](x)
(£&)[(x)]= 7 [n(x)]2[ ()]
(foh) (x).(goh)(x)

= {(foh)-(gom)} (x) = RS
~[(f.g)oh]|(x)={(foh).(goh)}(x) forallxeR
Hence, (/-g)oh=(foh).(goh)

Il
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Question 3:
Find gof and fog, if
1. f(x)z‘x‘ and g(x)=‘5x—2|

1
3

i S(x)=8x";pq g(x)=x

=‘5x 2|
() =[sx{-2
(|5x-2[) =5 2| =|5x-2]

1. ‘M and £(x)
w.gof (x)=g(f(x))=g
fog (x ) f(g(x)=1

]I

i JS(x)=8% gpq 2(x)=

gof(x) = g(f(x)) = g(Bx3 ) = (83«:3 ) =2x

Question 4:

(%) (4x+3) L2 2
" X)= X & of IU
If (6x—4) 3 show that fof (x) =, forallx# = 3 . What is the reverse of ./ ?

() (x)=1(f(x))=7 [gi ﬁ

A 4x+3 L3
L 6x—4 _16x+124+18x-12  34x
6[4x+3j i T 24x+18-24x+16 34

=X

6x—4
jof(x) =x forall x i%
= fof =1

Hence, the given function / is invertible and the inverse of ./ is [ itself.
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Question 5:
State with reason whether the following functions have inverse.

£:{1,2,3,4} > {10} with / =1(1,10),(2,10),(3,10),(4,10)}
215,678} > {1,234} wigh £ ={(5.4),(63),(7,4).(8.2)}
h:{2,3,4,5} > {7,9,11,13} witn £ ={(2,7),(3,9),(4,11),(5,13)}

1.
il.

iil.

£:{1,2,3,4} > {10} it / ={(1.10),(2,10),(3,10).(4,10)}
/ is a many one function as SfM=7(2)=r(3)=r(4)=10

“. /" is not one-one.
Function / does not have an inverse.

£:(56.7.8) > {12.34] with £ =1(5.4).(63).(7.4).(8.2))
=4

ii.
& is a many one function as g(5)=2(7)

. £ 1s not one-one.
Function £ does not have an inverse.

h:{2,3,4,5} > {7,9,11,13} witn h={(2.7).(3,9).(4,11),(5,13)}

All distinct elements of the set {2:3-4-5} have distinct images under #.

111.

.. h 1s one-one.

h 1s onto since for every element ) of the set {7.9.1 1313}, there exists an

element xin the set {2=3’4»5} , such that h(x) =¥,

h1s a one-one and onto function.
Function #has an inverse.

Question 6:
X

f(x)=
("" + 2) 1s one-one. Find the inverse of the function

Show that / :[-L1] >R , given by

I [—l,l] — Range
2y
> f = f = x T
JeRange fiu= (%) x+2, for some xin [_Ll], 1,e., (1-»)

(Hint: For
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/-] =R given by Ay (x+2)

For one-one
f(x)=1()

X V
— .

x+2 - y+2

= xy+2x=xy+2y
=>2x=2y

= T

= f is a one-one function.

It is clear that / :[=L1] = Ris onto.

I [_1’1] — Ris one-one and onto and therefore, the inverse of the function I [_1’1] —R
exists.

Let &: Range f = [~L1]pe the inverse of /.
Let V be an arbitrary element of range ./ .

Since /' :[-11] = Range f i onto, we have:

y=f(x) for same x €[-1,1]

= V=

x+2
=>xy+2y=x
= x(l -y)=2y
2y
1-y
Now, let us define & Rangef — [-1,1] g

=X =

Yy #I

2y
¥ :—, l
g(») e

Now,
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(1)) = 2(1 ()= ¢ )2(_2] %25,

x+2 & Cx+2-x 2
x+2
20
{2y 1-y 2y 2y
D x)= — — = = ——=
G)e)= 160N =1 (25 )= 5=y iazy = 2=
1=y
Lgof = Iy and  fog =1y,
sf =g
i 2y
::;f (y):l jy;tl
Question 7:

Consider /: R — R given by ./ (X)=4X+3 Show that / is invertible. Find the inverse of ./ .

f:R— Rgiven by (x)=4x+3
For one-one

f(x)=1(»)

=4x+3=4y+3

=4x=4y

=S xX=y

= f is a one-one function.

For onto
yeR, let y=4x+3

3x=y_3eR

. X y—3 eR
Therefore, for any ¥ € R | there exists 4 such that

f(x)=f[y;3]=4[y;3]+3=y

. f'is onto.

Thus, f is one-one and onto and therefore, ./ ' exists.

g(x)z)ﬁ
Let us define &:R — Rby 4
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Now,

(89)(x) = g(/ (x)) = g(4x+3) =

3

(108)()=£(20) = /(L2 =4{ 52 )+3=p-3+3=»

(4x+3)-3 _

X

=

.. gof = fog =1,

Hence, / is invertible and the inverse of / is given by

[ o)=e(==—

Question 8:
Consider / :R. = [4,%) given by ./ (x)=x"+4 Show that fis invertible with inverse /' of

given f by / T(y)=yy-4 , where R.is the set of all non-negative real numbers.

SR —[4,0) givenbyf(x)zx2 +4
For one-one:

Let S (x)=/(»)

= x’+4=1"+4

= x? =y2

=>x=y [as Bll= R]

. /'is a one -one function.

For onto:

For y €[4,0), let y=x"+4

:>x2=y—420 [asy24]
=S x=4y—-420

Therefore, for any ¥ € R | there exists X =+~ 4 € Rgych that

F()=7(y=4)=(Jy—4) +4=y-4+4=y

. [ is an onto function.
Thus, f is one-one and onto and therefore, / ' exists.

Let us define &:[4%) = R, by
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g(y)=\r-4
Now, gaf(x)zg(_f(x)):g(x
And 2(0) = (8(1) = F(Vr=4)=(Jr=4) +4=(y-4)+4=y

. gof = fog =1,
Hence, / is invertible and the inverse of f is given by

) =g(y)=yy-4

[5]
+
NN
—
1l
—
-
[3%)
+
NN
S—
|
B
Il
-
Il
=

Question 9:
Consider J:R. =[-5,%)given by/ (x)=9x"+6x-5 Show that fis invertible with

£ ()= [(WHJ

3

[ R, > [-5,%) given by / (¥) =9x" +6x -5
Let Y be an arbitrary element of [-5,%) .
Let ¥=9x" +6x-5

= y=(3x+1) =1-5

Sy (3x+])2 -6

2

= (3x+1) =y+6

=3x+1=4/y+6 [as y2-5=y+6>0]
:}x:Lé_l
3

= f is onto, thereby range f =[-5,) ,

Ny+6-1

g:[-50) >R as g(y)= -

Let us define

We have,
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(gof)(x)=g(f(x))= g(S‘x2 + 6x—5)
= g((3x+1)"-6)

JGx+1) —6+6-1
B 3

C3x+1-1

~.gof =1 and fog=1 ,_,

Hence, / is invertible and the inverse of / is given by

A (y)zg(:»f)=7‘/y—6~l

3

Question 10:

Let / : X = Ybe an invertible function. Show that / has unique inverse.

(Hint: suppose & and & are two inverses of / . Then forall Y €7, Jog,(y)=1,(y) = fog, ()
. Use one-one ness of /.

Let / : X = Ybe an invertible function.

Also suppose f has two inverses (&1and &2)
Then, forall y€7,

Jogi (¥) =1y (v) = fog, ()
= /(&)= 7(e.(2))
=g((»)=g() [fisinvertible = f isone-one]

=g =g, [gisone-one|

Hence, / has unique inverse.
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Question 11:

-1

Consider J/ :11:2.3} = {a.b.c| given by J()=a.f(2)=5./(3)=¢  Find (f_l) =F.

Function / {1-2:3} = {a’bac}given by S()=a,f(2)=b,f(3)=c
If we define & :{@0.c} > {1,2.3} 55 8(a) =1,g(b) = 2,8(c) =3

where X:{(1’2’3)} and ¥ ={a,b,c|

Thus, the inverse of ./ exists and f o= g.
w7 {abie > {123} given by, fH(a)=Lf"(b)=2,1"(c)=3

We need to find the inverse of ./ h i.e., inverse of &£ .
If we define ' 1,2,3} %{a,b,c}as h(1)=a,h(2)=b,h(3)
(goh)(l) = g(h(])) = g(a) =]
(80h)(2) = g(7(2)) = g(b) =2
( 3

(goh)(3)=g(h

c

Il

.goh=1, and hog=I, where X ={(1,2,3)} and ¥ ={a,b,c}
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Thus, the inverse of £ exists andg =/ = (/) =nh,
It can be noted that 2= /.

Hence, (f l)_l =f

Question 12:

-1 5 T
Let /: X — Y be an invertible function. Show that the inverse of J/  is £ i.e.,(-f ) =Ff.

Let /: X — Y be an invertible function.

Then there exists a function € :¥ — X such that 8¢/ =T, and fog =T,
Here, f = g

Now, gof =1, and fog=1,

= flof =1, and fof ' =1,

i _ oyl
Hence, ./ ':Y > X isinvertible and / is S i.e.,(-f ) =r.

Question 13:

If /:R— R is given by f(x)=(3-7 )3, then S (¥);s:

%, | —

S 0wy

(3-7)

J:R— R is given by f(x)=(3-2)

F(x)=(3-#)

L Jof (x)=f(f(x))=r ((3 ‘xs);J - [3 ) [(3 _xg); ]3 lq

o fof (x) =x
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The correct answer is C.

Question 14:

4
fZR—{——}h}R _ f(x)= 4x . -
If 3 be a function defined as- 3x+4 . The inverse of / is the map

g:Range f - R- {—i}
3) given by :

)
N2

_ 4y
s U1,

_ 4y
¢ V=g

)
b V=15,

4
o f:R—{——}%R_ f(x)= 4x
It is given that 3 is defined as- 3x +4

Let V be an arbitrary element of Range /.
4

xeR —{ } _
Then, there exists 3/ such that ¥ =/ (%),

4x
=T
T 3x+4
= 3xy+4y=4x
= x(4-3y)=4y
4y
4—-3y

=S

4 4y

f:R—{——}»R g\y)=——
Define 3 as ) 4-3y
Now,
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(gof)(x)=g(f(x))=g[ = )

3x+4
4x
4
{3x+4] _ 16x
4 ,..[ 4x ] 12x+16—12x
)
3x+4
_l6x _
St
And
(fog)(x)=(g(x))= f| 2
' 4-3y
4[ -2
4-3y ) 16y
3[ 4y )+4 12y+16—12y
4-3y
_l6y _
==

sogof =1 (4 and fog = L7
w5
-1
Thus, & is the inverse of f i.e., f =g
4

g:Range f — R —{——

g
Hence, the inverse of ./~ is the map 3} , which is given by 4=3y

The correct answer is B.
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EXERCISE 1.4

Question 1:

Determine whether or not each of the definition of * given below gives a binary operation. In
the event that * is not a binary operation, give justification for this.

1.
11.
1ii.
1v.
V.

11

1il.

1v.

On Z*, define * by a*b=a-b
On Z' ,deﬁne by a*b=ab
OnR | define *by a*5 = ab’

On Z* define * by a*b=|a-b|
On Z', define * by a*b=a

On Z', define * by a*b=a—-b

It is not a binary operation as the image of (]* 2) under * is
1¥2=1-2
=-1¢Z’".

Therefore, * is not a binary operation.

On Z' define * by a*b=ab

It is seen that for each @:D€Z’ , there is a unique element ab in Z".

a,b)

This means that * carries each pair ( to a unique element a*b =abin Z",

Therefore, * is a binary operation.
OnR | define * a*b = ap’
It is seen that for each a,b<R | there is a unique element @#* in R . This means that *

carries each pair (“*b ) to a unique element a *» = ab” in R.
Therefore, *is a binary operation.

On z, define * by a*b=|a-b
It is seen that for each 4,D€Z’ ,there is a unique element ‘a —b | in Z". This means that

. . . kh—|q— . + . .
* carries each pair (“*b ) to a unique element 4 b= |a bl in Z*. Therefore, *is a binary
operation.

On Z* define * by a*b=a
*carries each pair (@, b) to a unique element in a*b=a in Z".
Therefore, * is a binary operation.

Question 2:
For each binary operation *defined below, determine whether * is commutative or associative.

1.

On Z°, define a*b=a-b
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ii.

111.
1v.

V1.

11.

iil.

Get More Learning Materials Here : &

On Q, define a*b=ab+1
ab

3 -

o —_ —
OnQ, define 2

On Z', define a*b =2%
On Z', define a*b =a”

" a

On R*{_l}, define “ bzﬁ

On Z', define a*b=a-b

It can be observed that 1*2=1-2=~1gnd 2*1=2-1=1,

.'.1*2?’:2*1;Where 1, 2eZ

Hence, the operation * is not commutative.

Also,
(]*2)*3:(1—2)*3=—]*3=—1—3=—4
l*(2*3):1*(2—3):1*—1:1—(—1):2
.'.(1*2)*3;&1*(2*3)

Hence, the operation © is not associative.

On Q, define a*b=ab+1

ab = ba foralla,be Q

= ab+1=ba+1 for alla,b € O
=a*h=b*a foralla,b € O
Hence, the operation * is commutative.

(1*2)*3 =(1x2+1)*3=3*3=3x3+1=10
123 =1 M2 34 [ =1*T=1xT1=8
A(I*¥2)*¥321%(2%3)

Hence, the operation ™ is not associative.

ab

# .

b=
OnQ, define “ "~ 2
ab =ba forall a,be QO

:>Q=@ forall a,b € O
2 2
S avb=b"*a foralla,be QO

Hence, the operation * is commutative.

where 1,2,3€Z

where 1.2.3€Q
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(a*b)*c-(%)*cz 5 :T
And
0
a*(b*c)=a*(g]= 2 =@
2 2 4

~(a*b)*e=a*(b*c)

Hence, the operation * 1is associative.

where a.,b,c €Q

iv. On Z", define a*b=2%

ab = ba ftoralla,be ”Z
= 2% =2" foralla,beZ
=a*b=b*a foralla,beZ

Hence, the operation * is commutative.
(1%2)#3=2" #3=4%3 22" =07
1%(2#3)=1%*2* =142" =1"64 = 2"

- (1%2)*321%(2*3) where 1.2,3ez*
Hence, the operation * is not associative.

v. On Z" define a*b=a"

1*2=1"=1
2%1=2!=2
S1E2£2%] where 1,2,eZ"

Hence, the operation * is not commutative.
(2*3)*4 - 23 *4: 8*4 = 84 = 2'1
2¥(3%4)=223" =0%R1=0"

(2*3)*4¢ 2*(3*4) where 2.3.4eZ”
Hence, the operation ™ is not associative.

* a

vi. On R*{_l},deﬁne . bzﬁ
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S 1%2 % 2%] where L2€R-{-1}

Hence, the operation " is not commutative.

(1*2)*52%*3:i:_

3+1 12
2 2 1 1 1 2
1*(2*3)=1Ff—=]*—=]%—= g
{ ) 3+1 4 2 1 3 3
_.+] =
2 2
.'.(1*2)*37&1*(2*3) where 1.2.3 ER—{—]}

Hence, the operation * is not associative.

Question 3:

Consider the binary operation ~ on the set {1.2,3,4,5} 4efined by @A b=min 18,6} Write the
operation table of the operation ~ .

The binary operation ~ on the set {L.2.3.45} is defined by anb=min{a.b for a1
abe{l,2.3,45)

The operation table for the given operation ~ can be given as:
~ 1 /) 3 4 5

O S U w—y
= = W o

1 1 1 1
) 2 ) 2
3 2 3 3
4 2 3 4
5 2 3 5

Question 4:

Consider a binary operation * on the set {l’ 2*3’4*5} given by the following multiplication table.

i.  Compute (2*3)*4 and 2*(3*4)
ii. Is *commutative?

1ii.  Compute (2 o 3) : (4 * 5) .
(Hint: Use the following table)

* 1 2 3 4 5
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(2%3)*4=1%4=]
2*#(3%4)=2%1=1

ii. Forevery &P¢€ {1,2,3,4,5}
(243)*(4+3)
(2#3)=1and (4*5)=1
~(2#3)*(4*5)=1*1=1

% . .
,we have a*b=>b*a. Therefore, * is commutative.

iii.

Question 5:

Let *' be the binary operation on the set {L 2*3’4*5} defined by a*'b=H.C.F. of d¢andb. Is the
operation *’ same as the operation * defined in Exercise 4 above? Justify your answer.

The binary operation on the set {l’ 2*3’4*5} is defined by a*'b=H.C.F. of (¢ andb.
The operation table for the operation *’ can be given as:

w 1 2 3 4 5
| | | | 1 |
2 | 2 | 2 |
3 1 1 3 1 1
4 | 2 1 4 |
5 1 1 | 1 5

. . s *

The operation table for the operations *~ and * are same.
. ' . . *

operation ™' is same as operation *.

Question 6:
Let * be the binary operation on N defined by a*b=L.C.M. of ¢ and b. Find
1. 5*%7,20%16
ii. Is *commutative?
iii. Is *associative?
iv.  Find the identity of *in N
v.  Which elements of N are invertible for the operation *?
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The binary operation on N is defined by a*b= L.C.M. of #andb.
1. 5*7=L.C.M of 5and 7=35
20*16=LCM of 20and 16=80

ii. L.C.M. of ¢andb=LCM of band ¢for all a,be N
La*b=b%qg

Operation "is commutative.

. For a,b,ce N
(a *b) fe (L.CM. of aandb)* ¢=L.C.M. of a,b,c

a*(b*c)=g*(L.C.M. of band €)= L.C.M. of a.b,c
~(a*b)*c=a*(b*c)

Operation " is associative.

iv. L.C.M.of tand I=0=L.C.M. of | and tfor all ae N
a*l=a=1%a forall ae N
Therefore, ! is the identity of *in N.

v. Anelement a in N is invertible with respect to the operation * if there exists an element
bin N, such that a*b=e=b*a
e=1
L.C.M. of tandb=1=LCM of hand ¢ possible only when ¢ and b are equal to 1.
1 is the only invertible element of N with respect to the operation *.

Question 7:

Is * defined on the set {1’2*3’4*5} by a*b=LCM of ¢ and ba binary operation? Justify your
answer.

The operation * on the set {192*3’4*5} 1s defined by a*b=LCM of dandb.
The operation table for the operation *’ can be given as:

* 1 2 3 4 5
1 1 2 3 4 5
2 2 2 6 4 10
3 3 6 3 12 15
4 4 4 12 4 20
5 5 10 15 20 5
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A*d=2"3=hed
¥ =%5=100F A,
3*¥4=4*3=12¢ A,
3*¥53=5*3=15¢ 4,
4*5=5%4=20¢ 4
The given operation *is not a binary operation.

Question 8:
Let * be the binary operation on N defined by a*b=H.C.F. of ¢ and 5. Is * commutative? Is
* associative? Does there exist identity for this binary operation on N?

The binary operation * on N defined by a*b=H.C.F. of¢ andb.
La*hb=b%*a
Operation * is commutative.

For all a.b,ce N,
(a*b)*c— (HCF of aandb)* c= HCF of a,b,c

a*(b*c)—g*(HCF. of band €)= HCF of a,b,c
~{a*b)*e=a*(b*c)

Operation ~ is associative.

e e N will be the identity for the operation™if a*e=a =e*afor all ae N. But this relation is
not true for any ae N.
Operation * does not have any identity in N.

Question 9:
Let * be the binary operation on Q of rational numbers as follows:
. a*h=a-b
11. a®*h=a" +h?
1il. a*h=a+ab
iv. a*b=(a-b)
ab

a+b=—
V. 4

V1. a*¥h=ah?

Find which of the binary operations are commutative and which are associative.
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i.  OnQ, the operation * is defined as a*b=a—b
r,1 1 1 3-2 1
23 3 6

7 3
And
1,1 1 1 2=3 —1
3 2 3 2 6 6
(1*1] [l*lj 11
2 3)7(3 2 where2°3 <€

Operation * is not commutative.

[l*lj*l;l*(l*l) 111
23) 423 4 where2°3°% €€

Operation " is not associative.

ii. On Q, the operation * is defined as a*5 = a* + b
For a,.b € QO
a*b=a*+b* =b>+a’ =b*a
a*h=h*a
Operation * is commutative.

(1*2)*3=(1+2*)*3=(1+4)*3=5%3=5 + 3 =25+9=34
1*(2%3)=1%(2" +3*) =1*(4+9) =1*13=1" +13* =1+ 169 =170

s (1%2)*321%(2#3) where1.2,3 ¢ O
Operation * is not associative.

iii.  On Q, the operation * is defined as a*b = a + ab
1*2=1+1x2=142=3
2%1=242x1=2+2=4
S 1*2#2%] wherel,2e 0

Operation * is not commutative.
(1*2)*3=(1+1x2)*3=3*3=3+3x3=3+9=12
1*(2*3) =1*(2+2x3)=1*8=1+1x8=1+8=9

5 (1%¥2)*321%(2+3) wherel,2,3€ O
Operation * is not associative.
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iv.  On Q, the operation * is defined as @0 = (a-b)
For a.bQ

a*b=(a---b)2
b*a:(b—a)z :[—(a—b}]z :(a—b)3
~a*h=h%*a

Operation * is commutative.
(1*2)*3=(1-2) *3=(-1)" *3=1*3=(1-3)° =(-2)' =4

1%(2%3) =1*(2-3)" =1*(=1)’ =1*1=(1-1)° =0

~(1%2)*3#1%(2%3) wherel,2,3 € O
Operation * is not associative.

ab
. . h=—
v.  On Q, the operation * is defined as at 4
For a,b € O
a*b=a—b=b—a=b*a
4 4
Y f}*h:h*(}
Operation * is commutative.
For a,b,ceQ
ab
-C
(a*i’m)"‘c:@*c:—4 :Lbc
4 4 16
ab
a*(b*c):a*@: 4 :@
4 16
~(a*b)*c=a*(b*c) where a,b,c € O

Operation " is associative.

vi.  On Q, the operation * is defined as a *» = ab>
P

-

o | —
—
o0

2 3 3 2 where 273

Operation ~ is not commutative.
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Operation * is not associative.

Operations defined in (i1), (iv), (v) are commutative and the operation defined in (v) is
associative.

Question 10:
Find which of the operations given above has identity.

An element e € O will be the identity element for the operation * if

a*e=a=e*q, forall acQ

_ab

Similarly, it can be checked for e*a =a, we get e =4 is the identity.

Question 11:

A=NxNand * be the binary operation on A defined by (a.6)*(c.d)=(a+c,b+d) ghow
that * is commutative and associative. Find the identity element for * on 4 , if any.

A= NxN and * be the binary operation on A defined by
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(a,b)*(c,d)=(a+c,b+d)

(a,b)*(c,d) e A

a,b,c,d e N

(a,b)*(c,d)=(a+c,b+d)
(c.d)*(a,b)=(c+a,d+b)=(a+c,b+d)
(a,b)*(c,d)=(c,d)*(a,b)

Operation * is commutative.
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Now, let (a.b).(c.d).(e.f)e
a,b,e,d,e, f e N

[(a,b)*(‘ )]*(e f)=(a+c,b+d)*(e.f)=(a+c+eb+d+ [)
(ab)[ e}")] (a.0)*(c+ed+ f)=(a+c+eb+d+f)

- [(a.b)* (c, )1*(e./)=(a:b)*[(c.d)* (e, /)]

Operation * is associative.

An element €=(4:€2) € 4 will be an identity element for the operation * if a+e=a =e*a for

all @=(a,,0,) €4 ie., (¢ +e.0, +e,)=(a.a,) = (¢ +a.e, +a2)’ which is not true for any
element in A.

Therefore, the operation * does not have any identity element.

Question 12:
State whether the following statements are true or false. Justify.

i.  For an arbitrary binary operation * onaset N,a*a =a forall aeN.

ii. If*isacommutative binary operation on N, then 4" (b*c)=(c*b)

i.  Define operation * onaset Nas a*a=a forall aeN.
In particular, fora =3,

3*3=0 = 3
Therefore, statement (1) is false.

ii. RHS. =(c*b)*a
=(b*c)*a [* is commutative]

=a* (b *C) [Again, as * is commutative]
=L.H.S.

a*(b*c)=(e*b)*a

Therefore, statement (i1) is true.

Question 13:
Consider a binary operation * on N defined as a * 5 = a* + »*. Choose the correct answer.
A. Is * both associative and commutative?
B. Is * commutative but not associative?
C. Is * associative but not commutative?
D. Is * neither commutative nor associative?
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On N, operation *is defined asa* b =a’ + 5.
Forall a,.be N

a*b=a*+b =b*+a’ =h*a

Operation * is commutative.

(1%2)*3= (P +2°)*3=(1+8)*3=9%3=9"+3" =729+ 27 =756
1#(2*3)=1%(2° +3°) =1*(8+27) = 1*35 =’ +35° = 1+ 42875 = 42876

S(1%2)*3 £ 1%(2%3) Operation *is not
associative.

Therefore, Operation * is commutative, but not associative.
The correct answer is B.
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MISCELLANEOUS EXERCISE

Question 1:
Let f:R—>R be defined as f(x)=10x+7. Find the function g:R—> R such

that &0f = fog =1

SR — R is defined as f(x)=10x+7
For one-one:

f(x):f(}’) where x,y € R
=10x+7=10y+7

S x=y
. f'1s one-one.

For onto:
veR, Lety=10x+7

-7
:>x=y eR
10

y—=T

. =——¢eR
For any » € R, there exists Y770 " such that

-7 -7
f(x)zf(yl—oj=10(y1—0]+7=y—7+7=y
. f is onto.

Thus, f* is an invertible function.

)=2—1
Let us define g:R—>Rasg(y T
Now,

‘ 10x+7)-7 10
goj(x)=g(f(x))=g(10x+7)=( 10) = 1;:10
And,

.fog(y)=f(g(y))=f[yl—_0?)=10[y1;?]+? =y-T+7=y

ngof =1 ang fog=1,

Hence, the required function g: R — R as
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Question 2:

Let f:W — W be defined as f(n) =n—1, if is odd andf(”) =n+1 if nis even. Show that £ is
invertible. Find the inverse of f. Here, W 1is the set of all whole numbers.

n—1, If nis odd 1

f:W—)WiS defined as g n+1, If n ISE‘:VCI'IJ
For one-one:

f(n)=f(m)
If nis odd andm 1is even, then we will haven —1=m+1.
=n-m=2

Similarly, the possibility of I being even and m being odd can also be ignored under a similar
argument.

~Both n and m must be either odd or even.

Now, if both # and m are odd, then we have:

f(n)=s(m)
=n—1 =m-1

—=n=m

Again, if both nand m are even, then we have:

S (n)=r(m)
=>n+1 =m+l1

—Hn=m

~. f 1is one-one.

For onto:
Any odd number 27 +1in co-domain N is the image of 27 in domain N and any even number
2r in co-domain N is the image of 27 +1in domain N.

- f 1is onto.
/"1s an invertible function.

f_{m):{m—l, If m is odd }

Let us define g: W — W as m+1, If m is even

When r is odd
gof (n)=g(f(n))=g(n-1)=n-1+1=n

When r is even
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gof (n)=g(f(n))=g(n+1)=n+1-1=n

When m is odd
fog(n)=f(g(m))=f(m-1)=m-1+1=m

When m is even
fog(m)=f(g(m))=f(m+1)=m+1-1=m
.. 8of =1y anq fog=1I;

-1
J is invertible and the inverse of ./ is given by /" =g, which is the same as /.
inverse of /* is / itself.

Question 3:

If /:R — R be defined as.f(X) =% =3x+2 _find S (/ (%))

/R — Ris defined asf(x):x2 =3x+2

F(F(x)=r(x*-3x+2)
(x2—3x+2) -3(x* =3x+2)+2

= (x* +9x7 +4-6x° —12x +4x7 )+ (-3x" +9x-6)+2

=x*—6x> +10x* - 3x

Question 4:

f(x) =—

Show that function f : R = {x€ R:=1<x <1} pe defined by I+]x] | x € Ris one-one and

onto function.

X

f@=

f:RA{XER:~1<x<l}isdeﬁnedby 1+‘x|,xeR.

For one-one:

f(x)=j(y) wherex,y € R
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x
L+|x| 1+

If X is positive and V is negative,

N o
1+‘x‘_1+y

=>2xy=x-y

Since, I is positive and V' is negative,

x>y=>x—-y>0

2xy is negative.

2xy Ex—y

Case of I being positive and V being negative, can be ruled out.
<. X and V have to be either positive or negative.

Ifx and )V are positive,

f(x)=r10)
x _ Yy
l1+x 1+y

=S X—Xy=y—Xp

jx::y

~. f 1s one-one.
For onto:

Let y € Rsuch that -1<y <1,
y
. .  x=——€R
If X is negative, then there exists I+y  such that

f(x):f[ y ]___l(lfylz lfy _

— :y
L y 1+[ —y} l+y-y
1+y

I+y
. o, . . 'Y = y E R
If X is positive, then there exists I-y  such that
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[L] v

_ y | N=y) 1=y oy

f(x) f(l_yJ 1+‘L{ 1+{LJ l—y+_v y
1= -y

~. f is onto.

Hence, f is one-one and onto.

Question 5:

Show that function f : R — R be defined by f(x)= x is injective.

/iR R is defined by /(x) = x’

For one-one:
f(x):f(y) where x,y € R
B 2P cmassromvessonns (1)

We need to show that ¥ =¥
Suppose * # ¥, their cubes will also not be equal.

:}>Jf3?£y3

This will be a contradiction to (1) .

- X =Y Hence, f is injective.

Question 6:
Give examples of two functions /' : N — Z and g:Z — Z such that gof'is injective but & is not
injective.

(Hint: Consider f(x)=xand g(x)= ‘x‘)

Define £ :N — Zas / (¥)=Xand g:2 > Zas g(x)=lx]
Let us first show that & is not injective.

(-1)=|-1=1

(1)=lj=1

s(-1)=g(1), but —1=1
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-+ & 1s not injective.

gof : N = Z is defined as gof (x) = g(f(x))=g(x)=|x‘
x,y € N such that gqf"(x)z gof(y)

= =Dl

Since x,» € N, both are positive.
-l =]

=x=y

.. gof is injective.

Question 7:

Given examples of two functions / : N — Nand g : N — Nsuch that gof'is onto but /" is not
onto.

{x—l, ifx:>1}
~ g(x)= .
(Hint: Consider f(x)=x+1gpq 1, ifx=1])

x—1, ifx>1
: f(x)=x+1 g(x)= if x =
Define f: N — Zas . Y*Tland g:Z > Zas I, ifx=1
Let us first show that £ is not onto.
Consider element 1 in co-domain N . This element is not an image of any of the elements in
domain N .

~. f is not onto.
g: N — Nis defined by

gof (x)=g(f(x))=g(x+1)=x+1-1=x [xeN=x+1>1]

For v € N, there exists x = v € N such that &%/ (x)=».

... gof is onto.

Question 8:
Given a non-empty set X | consider P(X) which is the set of all subsets of X .
Define the relation R in 7 (X ) as follows:

For subsets 4.8in P(X), ARB ifand only if 4 < B Is R an equivalence relation on © (X)9
Justify you answer.
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Since every set is a subset of itself, AR4 for all 4 € P (X).
. R s reflexive.

Let ARB=> AcCB
This cannot be implied to B < 4.

IfA4= {'* 2} and B = {1* 2’3} , then it cannot be implied that B is related to 4 .
~. R is not symmetric.

If ARB and BRC ,then A< BandBc C.
= AcC

= ARC

. R is transitive.

R is not an equivalence relation as it is not symmetric.

Question 9:
Given a non-empty set X , consider the binary operation *: P(X)xP(X)—>P(X) given by
A*B=ANB VA4,Bin P(X) is the power set of X . Show that X is the identity element for

this operation and X is the only invertible element in P (X ) with respect to the operation *.

P(X)xP(X)>P(X) givenby 4*B=4nB V4,8 in P(X)
ANX =A=XN4 foral 4€P(X)

— A*X = A= X* 4 forall 4€P(X)
X is the identity element for the given binary operation *,

An element 4€P(X )is invertible if there exists B € P (X )such that
A*B=X=B*4 [As X is the identity element]

Or
ANB=X=Bn 4

This case is possible only when 4 =X =B

X is the only invertible element in P(X ) with respect to the given operation .
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Question 10:

Find the number of all onto functions from the set {L 2,3, '"’”} to itself.

Onto functions from the set {L 2,3, '"’”} to itself is simply a permutation on symbols
1,2,3,...,n.

Thus, the total number of onto maps from {1.2.3,....n} to itself is the same as the total number
of permutations on I symbols 1,2,3,...,n which isn!.

Question 11:
Let S=14.0.¢}and T =1{L 2.3} Find F~' of the following functions £ from S to 7 , if it exists.
i, F={(a3),(5.2)(c1)f

i, F={(a2).(b.1).(c1)}

S={a,b,c},T =11, 2.3)
i.  F:S—Tis defined by F={(a,3),(b,2),(a,l)}
= F(a)=3, F(b)=2, F(c) =1
Therefore, F': T — S is given by F= {(3,a),(2,b),(1,c)}

ii.  F:S-Tis defined by F =1{(@.2).(6.1).(c.1)}
Since, F(b)= F(C)z I , Fis not one-one.
Hence, I is not invertible i.e., ¥~ does not exists.
Question 12:

. ) ) kb |y
Consider the binary operations™: RxR — Rand o:RxR — R defined as ¢ b= |a bl and
aob = a, Va,b € R. Show that *is commutative but not associative 0is associative but not

commutative. Further, show thatVa,b,c € R ¢ *(boc) = (a ¥ b]a (a * C) . [ If it is so, we say that
the operation * distributes over the operation0]. Does 0 distribute over*? Justify your answer.

It is given that *: Rx R — Rand o: Rx R — R defined as a*b=|a-b| 4nd aob = a, Va,b < R.
For a,b € R, we have a*b=|a—b| and b*a:lb—a‘z‘—(a—b)‘z‘a—bl

sa*b=b%*a
-~ The operation "is commutative.
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(1*2)*3=(1-2))*3=1*3=|1-3] =2
1#(2*3)=1*(]2-3|) =1*1=|1-1|=0

L(1%2)%321%(2*3) wherel.2,3 € R
.- The operation * is not associative.

Now, consider the operation0:

It can be observed that 102 =1and 201=2.

102+ 201 (wherel,2e R)

- The operation 0is not commutative.

Let a,b,ce R. Then, we have:

(aob)oc =qoc=da
ao(boc) =aob=a

= (aob)oc = ao(boc)

- The operation0 is associative.

Now, let a.b,ceR, then we have:
a*(boc)=a*b=|a—-0
(a*b)o(a*c)=(la~H)o(la~c|) =|a~
Hence, @*(boc) =(a*b)o(a*c)

Now,

lo(2*3)=1o(]2—3[) =10l =1
(102)*(103) =1*1=|1-1|=0

“10(2%3) % (102)*(103) where 1.2.3 R

. The operation 0does not distribute over®.
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Question 13:

Given a non - empty set X , let *: P(X)XP(X)*P(X)bedeﬁnedasA*B=(A_B)U(B_A),

VA,B € P(X) Show that the empty set D s the identity for the operation * and all the elements

Aof P(X)are invertible with 4™ = 4.
(Hint: (A-@)u(@-4)=4 4pnq (A—A)U(A—A)zA*Azd)).

It is given that *: P(X)xP(X) > P(X)is defined as A*B:(A_B)U(B_A),VA=BEP(X)
A€ P(X) then,

A*DP=(A-D)U(DP-A4)=AUdD=4

O*A=(P-A)U(4-D)=DUA=4

LA*D=A=D*A forall 4 e P(X)

D s the identity for the operation *.

Element AeP (X ) will be invertible if there exists BeP (X )such that
A*B=0=B*A4 [As D is the identity element]
A*Az(A—A)U(A~A)=¢U(D=CD for all AeP(X).

All the elements 4 of © (X )are invertible with A~ = 4.

Question 14:

Define a binary operation * on the set {0’ ,2,3, 4’5} as
a+b, ifa+b<6
{a+b—6 ﬁa+b26}
Show that zero is the identity for this operation and each element a # 0 of the set is invertible
with 6 —a being the inverse of 4.

a+b=

Let X ={0,1,2,3,4,5}
a+b, ifa+bh< 6}

a+b={ ) _

The operation *is defined as a+b—6, ifa+bh=6

An element e< X is the identity element for the operation *, ifa*e=a=e*a Vae X
Forae X,
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a*0=a+0=gqg [aek5¢a+0<ﬂ
0*a=0+a=a [an:>0+a<6]
Lat¥0=a=0%qg Vae X

Thus, 0 is the identity element for the given operation *.
An element a € X is invertible if there exists 5 € X such that a *b=0=b*q.

at+b=0=b+a, ifa+b<6
ie.. latb—6=0=b+a—-6 ifa+b=26

=a=—-borb=6—a

X = {0,1,2,3,4,5} and a,be X . Then a #-b.

s.b=6—a ig the inverse of ¢ forall 4 € X

Inverse of an element 4 € X  a#0 jg 6—a je a-1=6-a,

Question 15:

Let4= {“190’1’2}, B = {"4=_2’ 0’2} and f.g:4 — Bbe functions defined by x* — x, xe 4and

g(x)=2

1
x—%—LxeA
2 . Are f and & equal?

It is given that 4={-1,0, 1’2}, B={-4,-2,0,2}

. g(x)=2
Also, f.g:4 — Bis defined by x> —x, x€ 4and

S =(=1) (1) =1+1=2

x—%—LxeA
2

£(0)=(0) -0=
g(0)=2 0—%‘— :2[5-1:1—1:0
= £(0)=g(0)
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f(M)=(1)-1=0
g(1)=21—%l—|=2[%]—1=1—1=0

= /(1)=g(1)

f@)=(2) -2=2
g(z):z‘z—%l—l:2(§j—lz3—1=2

2
= f(2)=5(2)
f{a) = g(a) Yae A

Hence, the functions / and £ are equal.

Question 16:

Let4=1{L2.3} Then number of relations containing (1.2)and (L3)which are reflexive and
symmetric but not transitive is,
Al

B. 2
C. 3
D. 4

The given set is 4 = {L,2,3}

The smallest relation containing (1.2) and (1.3)which are reflexive and symmetric but not
transitive is given by,

R={(1,1),(2.2),(3.3),(1,2)(1.3),(2.1),(3.1)}

This is because relation R is reflexive as {(l,l),(Z,2),(3,3)} €R
Relation R is symmetric as {(1L2).(21)} €R and {(13)(3.1)} R
Relation R is transitive as 1(3:1):(1.2)} € Ry (3.2) £ R

Now, if we add any two pairs (3.2) and (2=3)(0r both) to relation R, then relation R will
become transitive.

Hence, the total number of desired relations is one.

The correct answer is A.
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Question 17:

Let4=1{12.3} ' Then number of equivalence relations containing (12) 1s,

oowp
EER SIS

The given set is A={1,2,3}

The smallest equivalence relation containing (1L2)5s given by;

R ={(11),(2.2),(3.3).(1.2),(2.)}

Now, we are left with only four pairs i.e., (2.3),(3,2),(1.3)and (3,1).

If we odd any one pair [say(2»3)] to Rl, then for symmetry we must add(z"z). Also, for

transitivity we are required to add (I* 3) and (3’ ]) .

Hence, the only equivalence relation (bigger than Rl) is the universal relation.

This shows that the total number of equivalence relations containing (]* 2) 1s two.
The correct answer is B.

Question 18:
I, x>0
f(x)=<0, x=0
Let f: R — R be the Signum Function defined as =1, ¥<0Jand g:R— Rbe the

greatest integer function given by & (x )= [x ] , where [x ] is greatest integer less than or equal

to X. Then does fog and gof coincide in (0=1]?

I, x>0
f(x)=<0, x=0

It is given that / : R — R be the Signum Function defined as -1, x<0

Alsog: R — Ris defined as € (x J= [x ] , Where [x] is greatest integer less than or equal to X.
Now let x €(0,1],

[x]zlifx:l and [x]zoif0<x<l.
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. N B _|fQ), ifx=1 [ ifx=1
"fog(l)_f(g(x))_f([x])_{f(e), ifxe((},l)}_{(}, ifxe(O,l)}
gof (x) = g(/())

=g(1) [x>0]

=[l]=i

Thus, when * € (0=1), we have f08(x)=0,n4q 8of (x)=1

Hence, fog and gof does not coincide in (0’1].

Question 19:
Number of binary operations on the set {a,b}are

A. 10
B. 16
C. 20
D. 8

A binary operation * on {a,b}is a function from {a,b}x{a,b} - {a,b}

i.e., * is a function from {(a,a),(a,b),(b,a),(b,b)} = {a,b}
Hence, the total number of binary operations on the set {a.b} is 2 =16.
The correct answer is B.
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